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Let k be a commutative ring. An augmented k-algebra is an associative and 
unitary algebra A with a retraction EA : A --t k. A morphism of augmented 
k-algebras shall preserve augmentation. If A is the kernel of &A, then A = k @ A, 
and we put J(A) = &A2. Then 9 is a functor, from the category of augmented 
k-algebras to the category of k-modules, which is additive, in the sense that 
.T(A 8 B) = J(A)@ J(B). 
Now, let A and B be augmented k-algebras. Then the augmented k-algebra 
C = A @B is equipped with the endomorphisms a! = 1A @ Ed and p = &A @ lB, 
which satisfy 
(1) 2 = a, p2 = p, ap = pa! = EC. 
(2) yhe homomorphism y : arC@C + C induced by the inclusions is an 
isomorphism. 
The following are obvious consequences of the above. 
(3) The k-linear map 
Jy : J(ac)@J(pc)+ J(C) 
is an isomorphism. 
(4) ker a! = (PC) l C and ker /3 = (aC) l C. 
Given an augmented k-algebra C and endomorphisms CY, /3 satisfying (1) and (2) 
we say that (C; Q, fl) is a @-decomposition of C. The following question was posed 
by Bass and Wright [2]: “What reasonabJe conditions on endomorphisms CY, /3 of C, 
in addition to (1) and (3) imply (2)“. In particular Connell has asked when C, CUC 
and PC’ are polynomial algebras, whether (1) and (4) imply (2). Bass and Wright 
observe that when C = k [X, YJ the polynomials in two variables over a field k of 
characteristic 0, a theorem of Abhyankar-Moh fl] furnishes an affirmative solution. 
If Char. k >O, this case of the problem seems still unsolved. However, we give a 
counter example below for any k when C is a polynomial ring in 3 variables. 
. Let k be any ring. Let C =k[X,Y,Z]bet e polynomial ring in the 
inderminates X, Y, 2. Let Q! and p be the k-endomorphisms of C given by 
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a(X) = x + XYZ, a(Y)= Y, lx(Z) = 0 
and 
P(X) = 0, P(Y)=& P(Z) = 2. 
It is immediate that Q. and p satisfy conditions (1) and (4) and that aC and PC are 
polynomial algebras. To se: that y is not an isomorphism, notice that a(X)= 
X + XYZ is not irreducible in C, hence not one of three polynomial generators of 
C, so that, y is not surjective. 
The following is an example where C though not a polynomial ring is a normal 
integral domain, crC and PC are both polynomial algebras in two variables, and 
y : cwC@C + C, while surjective, is not injective. 
Example 2. Let C = kTX, Y, 2, W]/XW - YZ (where k is a field). Let LY and p 
be the k-endomorphisms of C given by 
and 
a(X) = x, P(Y) = Y, a(Z) = a(W) = 0; 
P(X) = P(‘T, ) = 0, P(Z)=Z P(W)= w. 
Then (Y and p satisfy conditions (1) and (4). It is also clear that y is surjective. To 
see that y is not injective one notes that where as Krull dim (CUC B PC) = 4, we 
have, Krull dim C = 3. 
Remark 1. If C is a srrT;ooth augmented finitely generated M-algebra (K- a field) 
and if ((Y, p) satisfy conditions (1) and (3) then y : crC 8 PC +C must be injective. 
Proof. Both C and D = cyC@ PC have local completions at their augmentation 
ideals isomorphic to power series K-algebras in dim C variables. Since Jr is an 
isomorphism, y induces an isomorphism between completions, so y is injective. 
Remark 2. One may do away with the condition K is a field by considering 
relative dimensions over K if one assumes C is finitely presented and flat over K. 
Remark 3. It would be interesting to study whst properties of an algebra C are 
inherited by arc, where a is an endomorphism of C such that cy2 = cy. For example 
if C were finitely presented over k then CUC is also finitely presented (for proof see 
Bass-Connell-Wright 631) Also, if C were a unique factorisation domain then arc 
is likewise (see, Enochs groof in Eakin-Heinzer [4, 1). 691). However one notices 
that the properties of being Cohen-Macaulay (or even Gorenstein) is not inherited 
by arc’. E.g., let R = K[X, Y, U, V] be the polynomial ring in four variables. iet P 
be the prime ideal generated by 
(X3 - u2, XY2 - v2, xv - YU, X2Y - UV). 
xample 2.2, p. 1241 hais proved that the associated 
renstein jand hence Cohen- acaulay), where as the 
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0th graded component Co = K[t’, t”, s, sl] is not even Cohen-Macaulay. (Here, one 
takes cy to be the augmentation onto G.) 
Following is a conceivable way the above quoted two variable theorem might be 
extendable to II variables. Let C = K[X,, . . ., Xn] be the polynomial algebra in the 
n-variables XI,. . ,, X, over a field K. Let (Y ,, . . ., an be n, K-endomorphisms of C 
such that ar: = ai, aioj = a+i, and Ker cyi = C”i a principal ideal (1 G i, j d n). 
Consider the following conditions 
(a)i %C = F[fl,. . .,fi-,,fi+1, * * .,f”]. 
(a) (a), for Vi. 
(b) e=x, Cfi. 
(c) The image df!, . . ., dfn, of fl, . . .,fn in JC form a basis of JC. 
(d) C=K[f,,...,fn}. 
We notice the following obvious im;pIications 
(d) + (a) + (a), + (b) + ((3 
In the case n = 2 (b) =+ (a). The theorem we quoted earlier says, in the case 
n = 2, that (a) + (d). So one is tempted to ask. 
Question 1. Does (b) + (d) always? 
Question 2. Does (a) + (d)? 
We thank H. Bass and A. Roy for much help in writing this paper. 
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